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18 A GENERAL INEQUALITY FOR PACKINGS OF BOXES
Krzysztof Przesławski
Abstract
Keller packings and tilings of boxes are investigated. Certain general inequality measuring a
complexity of such systems is proved. A straightforward application to the unit cube tilings is
given:
Let m = (m1, . . . ,md ) be a vector with integer coordinates such that mi ≥ 2 for every i . Let
mZ
d = m1Z × · · · ×mdZ. We identify the d -dimensional torus R
d /mZd with Td
m
= [0,m1) ×
[0,m2) · · ·×[0,md ). Theaddition⊕ inT
d
m
is transferred fromRd /mZd ; that is, x⊕y ∈Td
m
is theonly
element satisfying the congruence x ⊕ y ≡ x + y (mod m ). A family [0,1)d ⊕T = {[0,1)d ⊕ t : t ∈ T }
of translates of the unit cube [0,1)d is said to be a cube tiling ofTd
m
if it is a partition ofTd
m
. Let us
set
pi (T ) = {ti mod 1: t ∈ T }
for i ∈ {1, . . . ,d }. A straightforward consequence of our inequality reads that if m = (n ,n , . . . ,n ),
then ∑
i
|pi (T )| ≤
nd − 1
n − 1
The inequality is tight. The extremal cube tilings for which it becomes an equality are classified.
Key words: packing of boxes, cube tiling, polybox.
1 Introduction
Let m = (m1, . . . ,md ) be a vector with integer coordinates such that mi ≥ 2 for every i . Let mZ
d =
m1Z×· · ·×mdZ. We identify the d -dimensional torusR
d /mZd withTd
m
= [0,m1)×[0,m2) · · ·×[0,md ).
The addition ⊕ in Td
m
is transferred from Rd /mZd ; that is, x ⊕ y ∈Td
m
is the only element satisfying
the congruence x ⊕ y ≡ x + y (mod m ). A family [0,1)d ⊕T = {[0,1)d ⊕ t : t ∈ T } of translates of the
unit cube [0,1)d is said to be a cube tiling of Td
m
if it is a partition ofTd
m
. Let us define the parameters
of this tiling:
pi (T ) = {ti mod 1: t ∈ T }
for i ∈ {1, . . . ,d }. The following problem can be derived from Dutour and Itoh [4, Conjecture 5.4]:
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Let m = (2,2, . . . , 2). Show that
∑
i |pi (T )| ≤ 2
d − 1. Moreover, prove that the equality
takes place only in the case of tilings that are obtained by a special lamination construc-
tion.
One of our goals is to show that for any integer n ≥ 2, if m = (n ,n , . . . ,n ), then
∑
i
|pi (T )| ≤
nd −1
n −1
and the inequality is tight. Theextremal cube tilings forwhich this inequalitybecomesanequality are
classified (Theorem 6). Theorem 6 appears to be a consequence of a more general result concerning
the so-called Keller packings and partitions (Theorem 3).
2 Keller families
Cube tilings have attracted a great deal of attention lasting for over one hundred years mainly in
connection with Minkowski’s and Keller’s conjectures, e. g., [2, 3, 6, 10, 11, 13, 15, 16, 22, 23, 18, 19,
20, 21, 24, 25, 26, 27]. They are also related to Fuglede’s conjecture [7]. In particular, it appeared quite
recently that they are in a 1–1 correspondence with the so-called exponential bases in L2([0,1]d ), e.g.,
[8, 17].
Kearnes and Kiss [9] stated the following combinatorial problem, which, as theymentioned, was
completely unrelated to algebraic questions they were considering:
“Problem 5.5. Let A1, . . . ,Ak be nonempty sets. If the rectangle A = A1×· · ·×Ak is par-
titioned into less than 2k rectangular subsets, does it follow that there exists a rectangular
subset in this partition which has full extent in some direction i ?”
This problem is settled in [1]. It is proved that aminimal partition of the rectangle A into rectangular
subsets without full extent in any direction has to have 2k elements. Such partitions are thoroughly
investigated in [5, 14] . It appears that they are combinatorially equivalent to unit cube tilings of the
torusTk
m
, wherem = (2, . . . , 2). This observation suggest that even if one investigates unit cube tilings
it can be profitable to work with more abstract structures suggested by Problem 5.5. We follow this
suggestion in the present paper.
Let [0,1)d +T = {[0,1)d + t : t ∈ T } be a cube tiling ofRd . As observed by Keller [10], for every pair
s , t ∈ T of different vectors there is i such that si − ti is a non-zero integer (see also [8]). Obviously,
there is a counterpart of this result for cube tilings of tori, since they can be interpreted as periodic
tilings of Rd . A thorough inspection shows that Keller’s result is a consequence of the fact that if we
take two unit segment partitions [0,1) +S and [0,1) +T of R, then T = S or for every pair of proper
subsets P ⊂ S , Q ⊂ T the union of [0,1) + P does not coincide with the union of [0,1) +Q . This
observation motivates our further discussion.
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2.1 Partitions
A partition π of a setU is non-trivial, if π 6= {U }. Two partititions π and π′ are independent if {U } =
π∨π′; that is, {U } is a unique partition coarser than these two. Consequently,
LEMMA 1 If partitions π and π′ of U are independent, ρ is a proper subfamily of π and ρ′ is a proper
subfamily of π′, then the union of ρ and that of ρ′ do not coincide.
In particular, it follows from Lemma 1 that if Π is a family of pairwise independent partitions of
U , then for any set A belonging to the union of Π there is a unique partition π such that A ∈π.
A familyΠ of partitions ofU is complete if every partitionρ ofU whose parts belong to the union
of Π is a memeber of Π. It is unital if {U } is its member.
EXAMPLES 1 (α1) Let U be a non-empty set. Then Π = {{A,U \ A}: A ⊆ U , A 6∈ {U ,;}} ∪ {{U }} is
pairwise independent and unital. In general, it is not complete.
(α2) This example has been already mentioned. LetU = Tm = [0,m ), wherem is a positive integer.
For every t ∈ [0,1), let us define πt = {[0,1)⊕ t ⊕k : k ∈ {0, . . .m −1}}. Then Π= {πt : t ∈ [0,1)}∪{{U }}
is a complete and unital family of pairwise independent partitions ofU . The family of all non-trivial
partitions belonging to Π is simply the family of all unit segment tilings ofU .
(α3) Let us fix a hexagon H in R
2 with three consecutive edges removed. Clearly R2 can be tiled by
translates of H . In fact, each such a tiling is a partition of R2. Let us assume that π is a member of
Π if and only if π is a tiling of R2 by translates of H or π is equal to a trivial partition of R2. Again
Π is complete, unital and consists of pairwise inedependent paritions. Tilings discussed here are
infinite. Since they are periodical, one can define corresponding finite tilings of two-dimensional
tori by translates ofH .
2.2 Boxes. Keller’s condition
Let X i , i ∈ {1, . . . ,d }, be a sequence of sets such that each of them has at least two elements. Let Πi
be a finite family of pairwise independent finite partitions of X i . Let X = X1 × · · ·×Xd andUi be the
union of Πi . Let us define the family of boxesB =U1⊗ · · ·⊗Ud :
K = K1× · · · ×Kd ∈B if and only if K1 ∈U1, . . . ,Kd ∈Ud .
We say that a box K ∈ B is proper, if Ki 6= X i , for every i . Otherwise, K is improper. The triple
(X ,Π,B ) is called a system of d -boxes. Occasionally, we abuse slightly the terminology referring to
B alone as the system of boxes.
Now, we demonstrate an abstract version of Keller’s result concerning unit-cube tilings of tori.
PROPOSITION 2 Let (X ,Π,B ) be a system of d -boxes. Let G ⊆B be a partition of X . If Πi is complete
for every i ∈ {1, . . . ,d }, then G satisfies Keller’s condition:
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If K , L ∈ G and K 6= L, then there is i such that Ki , Li are different parts of a partition
π ∈Πi .
Proof. Clearly, we may assume that each Πi is unital. Suppose now that our proposition is false.
Then we can choose such a partition G , among those violating Keller’s condition, that there is a pair
K ,L ∈ G so that {K ,L} violates Keller’s condition and the set I = {i : Ki ∩ Li = ;} is minimal in the
sense of inclusion. Let us pick any s ∈ I . Let π ∈ Πs be chosen so that L s ∈ π. Let as define a ‘pile’
P = {G ∈G :Gs ∈π}. Let us fix any x = (x1, . . . , xd ) belonging to a memberH ofP . Let
ℓ= {x1}× · · ·× {xs−1}×X s ×{xs+1}× · · ·× {xd }.
Let Gℓ = {G ∈G :G ∩ ℓ 6= ;}. Since the setsG ∩ ℓ, forG ∈Gℓ form a partiton of ℓ, the sets (G ∩ ℓ)s =Gs ,
for G ∈ Gℓ, form a partiton ρ of X s . As H ∈ Gℓ, it follows that π and ρ share the same part Hs .
Since Πs is complete, ρ has to belong belong to Πs . As π and ρ are not independent, they have to
coincide. Let P be the union of P . It is clear that P =
⋃
x∈P ℓx . Therefore, we can imagine P as
a kind of cylinder. For every box B ∈ B we can define a new box B s by replacing factor Bs by X s .
LetH = {G s : G ∈P andGs = L s }. The union ofH coincides with P . Therefore, (G \P ) ∪H is a
partition of X . Moreover L s and K are different and J = {i : Ki ∩ L
s
i = ;} = I \ {s }, which contradicts
the minimality of I . 
Let G be a non-empty subfamily of a system of boxes B . We call it Keller family if it satisfies
Keller’s condition. Clearly, Keller families consist of disjoint boxes, therefore, one can find justified
to refer to them as Keller packings.
A setG ⊆ X which is the union of a Keller family G ⊆B is called a polybox whileG itself is called
a suit forG . A polybox can havemore than one suit. The suitG is proper if each box K ∈G is proper;
otherwise, it is improper.
REMARK 1 Systems of d -boxes (X ,Π,B ) such that (Πi : i = 1, . . . ,d ) are as described in Example 1.α1
are investigated in [5, 14].
3 Main results
Let (X ,Π,B ) be a system of d -boxes. Let i ∈ {1,2 . . . ,d } and let V be a nonempty subfamily ofUi =⋃
Πi . For every G ⊆B , we define the restriction G |V of G with respect to V by the equality
G |V = {K ∈G : Ki ∈ V }.
If V is a singleton of A, then we write G |A rather than G |{A}.
Let π ∈ Πi be a non-trivial partition. A Keller family G is laminated with respect to π if G |π co-
incides with G . It is {i }-laminated if it is laminated with respect to a non-trivial partition from Πi .
Finally, the family G is laminated if it is j -laminated for some j ∈ {1, . . . ,d }.
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A polybox W ⊆ X is said to be an i -cylinder or shortly a cylinder if for exery x ∈ W the line
ℓ= {x1}× · · ·× {xi−1}×X i ×{xi+1}× · · ·× {xd } is contained inW .
A Keller family C is said to be an i -pile or shortly pile if it is a suit for an i -cylinder W and is
laminated with respect to a non-trivial partition π ∈Πi . For every A ∈π, let us define
C A = {K1× · · ·×Ki−1×X i ×Ki+1× · · ·×Kd : K ∈C |A}
We call C A an elementary aggregate of the pile C (with respect to A). It is clear that C A is a suit
forW .
Let i ∈ {1, . . . ,d }. Letπ ∈Πi be a non-trivial partition, andG ⊆B be a Keller family. We write that
π is present in G if there is K ∈ G such that Ki ∈ π. Partition π is hidden in G if G |π is a suit for an
i -cylinder. Moreover, π is said to be exposed in G if it is present and not hidden in G .
We denote by Ci (G ) the family of all partitions π ∈Πi which are hidden in G . Let
ci (G ) =
∑
π∈Ci (G )
(|π| −1) and c (G ) =
d∑
i=1
ci (G ).
We shall need a recursive definition of a multipile. Let G ⊆ B be a Keller family. Suppose that
one of the following two conditions is satisfied:
1. there is a box K ∈B such that G = {K };
2. there is i and non-trivial π ∈Πi such that:
- G is an i -pile laminated with respect to π,
- for every A ∈π, G |A is a multipile,
- for every k 6= i and every A,B ∈π, if A 6= B , then Ck (G |A)∩Ck (G |B ) = ;.
Then G is a multipile.
REMARK 2 It follows easily by induction that each multipile is a suit for a box.
THEOREM 3 Let (X ,Π,B ) be a system of boxes. Suppose G ⊆B is a Keller family. Then
c (G )≤ |G |−1.
The inequality becomes an equality if and only if G is a multipile.
We precede the proof of the theorem by two lemmas.
LEMMA 4 Let (X ,Π,B ) be a system of boxes. Let G ,G ′ ⊆ B be two suits for the same polybox G . If
π∈Πi is exposed in G , then it is exposed in G
′.
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Proof. Since π is exposed, G |π is non-empty, and is not an i -pile. Therefore, there is u ∈ X such
that the line ℓ = {u1} × · · · {ui−1} × X i × {ui+1} × · · · × {ud } intersects some of the members of the
family G |π but is not covered by this family. Let ρ = {Ai : A ∈G and A ∩ ℓ 6= ;}. Since G is a Keller
family, all elements of ρ have to be parts of one partition belonging Πi . Now, since π and ρ have
elements in common and Π is pairwise independent, ρ ⊂ π. Let R be the union of ρ. Then G ∩ ℓ =
{u1}×· · · {ui−1}×R ×{ui+1}×· · ·×{ud }. Letρ
′ = {Ai : A ∈G
′ and A ∩ ℓ 6= ;}. SinceG ′ is a suit forG , we
deduce that the union of ρ′ is R . By Lemma 1, it follows that ρ′ ⊆π. Therefore π is exposed in G ′.
As an immediate corollary we have:
LEMMA 5 Let (X ,Π,B ) be a system of boxes. Let G ,G ′ ⊆ B be two suits for the same polybox G . If
π ∈Πi is hidden in G and present in G
′, then it is hidden in G ′.
Proof of the theorem. We shall proceed by induction with respect to the cardinality of G .
Suppose that π ∈ Πi is hidden in G . Then C = G |π is an i -pile. Fix an A ∈ π. Then C and C
A
are suits for the same i -cylinder. Observe that the family G ′ = (G \C )∪C A is kellerian. To this end
it suffices to pick K ∈ G \C and L ∈ C A , and show that {K ,L} is kellerian. By the definition of C A,
the box L ′ = L1 × · · · × Li−1 ×Ai × Li+1 × · · · × Ld is a member of C . Therefore, {K ,L
′} is kellerian as a
subfamily of G . It follows from the definition of C that Ki 6∈ π while L
′
i = A ∈ π. Consequently, there
is j 6= i such that K j and L
′
j = L j are different parts of the same partition τ ∈ Π j , which proves that
{K ,L} is kellerian as expected. It is clear now that G and G ′ are suits for the same polybox.
As an immediate consequence of the definition of G ′ one has
Ci (G ) =Ci (G
′) ∪˙{π}, (1)
where the ∪˙ symbol denotes the disjoint union.
Suppose now that k 6= i and ρ ∈ Πk is hidden in G . If ρ is present in G
′, then, by Lemma 5, it is
hidden inG ′. If it is not present inG ′, then there is such a B ∈π\ {A} thatρ is present inG |B , which
is equivalent to saying thatρ is present inC B . LetG ′′ = (G \C )∪C B . It is clear now thatρ is hidden
in G ′′. Since ρ is not present in G , it cannot be present in G \C . Consequently, ρ is hidden C B ,
which readily implies that it is hidden in G |B . Therefore, we have just shown that for every k 6= i
Ck (G ) =Ck (G
′)∪
⋃
B∈π\{A}
Ck (G |B ). (2)
By (1) we have,
ci (G ) = ci (G
′) + |π| −1. (3)
By (2),
ck (G )≤ ck (G
′) +
∑
B∈π\{A}
ck (G |B ). (4)
Consequently,
c (G )≤ ci (G
′) + |π| −1+
∑
k 6=i
 
ck (G
′) +
∑
B∈π\{A}
ck (G |B )
!
. (5)
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Since ci (G |B ) = 0, we get
c (G )≤ c (G ′) + |π| −1+
∑
B∈π\{A}
c (G |B )). (6)
As |G ′|< |G | and |G |B |< |G |, we conclude by induction
c (G )≤ |G ′| −1+ |π| −1+
∑
B∈π\{A}
(|G |B | −1) = |G ′| −1+
∑
B∈π\{A}
|G |B |. (7)
By the definition of G ′, we have |G ′|= |G \C |+ |C A |. Since |C A|= |G |A|, we obtain
c (G )≤ |G \C |−1+
∑
B∈π
|G |B |= |G \C |−1+ |C |= |G |−1. (8)
It remains to discuss the case of equality. The fact that the equality holds for eachmultipile is an
easy part of the proof, and as such is left to the reader.
If c (G ) = |G |−1, then all the above inequalities become equalities. In particular, (4) becomes an
equality. This equality combined with (2) readily implies that the sets Ck (G |B ), for B ∈ π \ {A} are
pairwise disjoint. Since A is arbitrary, we conclude that
(β ) For every k 6= i , the indexed family (Ck (G |B ): B ∈π) consists of pairwise disjoint members.
As (6) and (7) becomeequalities andA canbe replacedbyanyelementofπ, it follows that c (G |B ) =
|G |B |−1 for B ∈π. By induction hypothesis, the setsG |B aremultipiles. This fact combinedwith (β )
and the definition ofC leads to the conclusion thatC =G |π is a multipile. Thus, in the case G =C
there is nothing more to prove. Suppose now that G is different from C . By Remark 2, C is a suit
for a box K ∈ B . Let us set G ′′′ = (G \C )∪ {K }. Clearly, G ′′′ and G are suits for the same polybox.
Suppose that ρ ∈ Ck (G ) for a certain k 6= i . If ρ is present in G \C , then by Lemma 5 it is hidden in
G ′′′. Clearly, Ck (G
′′′)⊆Ck (G ). Ifρ is not present in Ck (G \C ), then it has to be hidden in some of the
sets G |B , where B ∈π. Consequently,
Ck (G ) =Ck (G
′′′)∪
⋃
B∈π
G |B . (9)
Suppose now that ρ ∈ Ck (G
′′′). Since π is nontrivial, |π| > 1. By (β ), there is A ∈ π such that ρ 6∈
Ck (G |A). Since (4) becomes an equality for this paricular A as for any other, the right-hand side
expression of the equality (2) consists of disjoint sets. Therefore, ρ cannot belong to any of the sets
Ck (G |B ), B ∈ π. Thus, the right-hand side expression of the equality (9) consists of disjoint sets. As
an immediate consequence,
∑
k 6=i
ck (G ) =
 ∑
k 6=i
ck (G
′′′)
!
+
∑
B∈π
c (G |B ).
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As we already know, c (G ) = |G |−1 implies c (G |B ) = |G |B |−1. Moreover, it follows from the definition
of G ′′′ that ci (G ) = ci (G
′′′) + (|π| −1). Thus,
|G |−1= c (G ′′′) + |π| −1+
∑
B∈π
(|G |B | −1) = c (G ′′′) + |C |−1.
And
c (G ′′′) = |G \C |= |G ′′′| −1.
Since |G ′′′| < |G |, we deduce by induction that G ′′′ is a multipile. In particular, it is a j -pile for cer-
tain j 6= i . Then G is a j -pile. As we have already discussed the case where G is a pile, the proof is
complete. 
REMARK 3 If G ⊆ B is a partition of X , then, by Proposition 2, it is automatically Kellerian. In partic-
ular, each unit cube tiling [0,1)d +T of Td
m
is Kellerian.
Now we are ready to prove our main result concerning cube tilings.
THEOREM 6 Let [0,1)d ⊕T = {[0,1)d ⊕ t : t ∈T } be a cube tiling of Td
m
. Let
pi (T ) = {ti mod 1: t ∈T } (10)
for i ∈ {1, . . . ,d }. If m = (n ,n , . . . ,n ) for an integer n ≥ 2, then
p (T ) :=
∑
i
|pi (T )| ≤
nd −1
n −1
. (11)
The equality takes place if and only if [0,1)d ⊕T is a multipile.
Proof. Let X i = Tm = [0,m ) for i ∈ {1, . . . ,d } . Let Πi be as described in Example 1.α2. Let (X ,Π,B )
be the corresponding system of d -boxes. Let G = [0,1)d ⊕ T . Clearly, G ⊂ B . By Proposition 2, G
satisfies Keller’s condition. Therefore, Theorem 3 applies to G .
For every i ∈ {1, . . . ,d }, we have ci (G ) = (n − 1)|pi (T )|. Moreover, |G | = n
d . The inequality (11)
follows as an immediate consequence of Theorem 3, so does the case of equality. 
An abstract version of Theorem 6 holds true as well.
THEOREM 7 Let (X ,Π,B ) be a system of d -boxes. Suppose there is an integer n such that for every
i ∈ {1, . . . ,d } all nontrivial partitions belonging to Πi are of cardinality n. Suppose G ⊂B is a Keller
partition of X which consists of proper boxes. Then
∑
i
|Ci (G | ≤
nd −1
n −1
.
The equality takes place if and only if G is a multipile.
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Clearly, the proof reduces to showing that
|G |= nd . (12)
We begin by discussing a certain general construction, which is instrumental in the theory of Keller
packings.
We may assume that each Πi , i ∈ {1, . . . ,d }, is unital. Let Yi =
∏
π∈Πi
π, for i ∈ {1, . . . ,d }. Let
A ∈ Ui , where as beforeUi =
⋃
Πi . Since Πi is a family of pairwise independent partitions, there is
exactly one ρ ∈Πi such that A ∈ρ. Let us define Aˆ =
∏
π∈Πi
Aˆπ ⊆ Yi by the formula
Aˆπ =

π, if π 6=ρ,
{A}, if π=ρ.
Observe that for every partition π ∈ Πi , the family πˆ = {Aˆ : for A ∈π} is a partition of Yi . Moreover,
the family of partitions Πˆi = {πˆ: π∈Πi } is pairwise independent. It is also complete even if Π is not.
It is easily seen that we have.
For every pair A,B ∈ Ui , if A 6= B, then A and B belong to the same partition π ∈ Πi if and only if
Aˆ, Bˆ are disjoint.
Let X k = Y1×· · ·×Yk ×Xk+1×· · ·×Xn . For C ∈B , let us define C
k = Cˆ1×· · ·× Cˆk ×Ck+1×· · ·×Cn .
IfH is a subfamily ofB , thenH k = {C k : for C ∈H }.
LetG be a polybox. One canwish to describe the correspondingmappingG 7→G k for polyboxes.
Suppose G ⊆B is a suit forG . One can expect thatG k can be defined as the union of G k . Then one
has to check that this union is independent of the choice of the suitG . This is done by induction. We
prove only the first step, as the subsequent steps are mere repetitions.
For every x = (x2, . . . , xd ) ∈ X2 × · · · × Xd we define two lines ℓx = X1 × {x2} × · · · × {xd } and ℓ
1
x =
Y1× {x2}× · · · × {xd }. Suppose first that G ∩ ℓx = ℓx . Let Gx = {A ∈ G : A ∩ ℓx 6= ;}. It is a Keller family
as a subfamily of G . Therefore, there is π ∈ Π1 such that π = {A1 : for A in Gx }. Then πˆ is a partition
of Y1 and {ℓ
1
x ∩ Aˆ : for A ∈Gx } is a partition of ℓ
1
x . Thus G
1 ∩ ℓ1x = ℓ
1
x which is evidently independent
of the choice of G . Suppose now that G ∩ ℓx 6= ℓx . Then, by Lemma 1, there is a unique π ∈ Π1
such that ρ = {A1 : for A ∈Gx } is a proper subfamily of π. In fact, π is determined by the union of
ρ which coincides with the image of G ∩ ℓx under the projection of X onto X1. Therefore, the set
ρˆ = {Aˆ1 : for A1 ∈ρ} is independent of the choice of G . And since the image of G
1 ∩ ℓ1x under the
projection of X 1 onto Y1 coincides with the union of ρˆ, the set G
1 ∩ ℓ1x is also independent of the
choice of G .
For C ∈B , G ⊆B , and a polybox G let us set: Cˆ = C d , Gˆ =G d , Gˆ =G d . We can summarize all
what we have shown as follows:
(γ1) For every pair C ,D ∈B , if C 6=D, then {C ,D } satisfies Keller’s condition if and only if Cˆ , Dˆ are
disjoint.
(γ2) If G1 and G2 are suits for a polybox G , then Gˆ1 and Gˆ2 are suits for Gˆ .
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Now, we can complete the proof of Theorem 7 easily. Since every G ∈ G is a proper box and for
every i ∈ {1, . . . ,d } and every nontrivial π ∈Πi the cardinality of π is n , it follows by the definition of
Gˆ that |Gˆ |= 1
nd
|Y |. As G and {X } are Keller partitions of X , it follows that Gˆ is a (Keller) partition of
Xˆ = Y . Clearly, |G |= |Gˆ |. Therefore,
|Y |=
∑
G ∈G
|Gˆ |= |G |
|Y |
nd
,
which implies (12). 
4 Concluding remarks
1. Theorem 6 adresses a particular kind of tori: m = (n , . . . ,n ). It is of some interest to extend this
result to arbitray m = (m1, . . . ,md ). The following question arises:
Suppose p = p (T ) attains its maximum for a tiling G = [0,1)d ⊕T of Td
m
. Is it true that G
must be a multipile?
One can easily check that if the tiling G is a multipile, then there is an ordering i1, i2, . . . , id of the set
{1, . . . ,d } such that
p (T ) = 1+mi1 +mi1mi2 + · · ·+mi1mi2 · · ·mid−1 .
Therefore, if the answer to our question is affirmative and the ordering i1, i2, . . . , id is chosen so that
mi1 ≥mi2 ≥ . . .≥mid , then the latter equality expresses the maximum value of p .
2. To convince the reader of the usefulness of the construction presented in the preceding section,
we offer the following immediate consequence of (γ1) and (γ2):
Let G1, . . . ,Gs andH1, . . . ,Hs be two pairwise disjoint families that are contained in a
system of boxesB . Suppose that for each i the families Gi andHi are suits for the same
polybox. Moreover, suppose thatG1∪· · ·∪Gs is a suit for a polybox G . ThenH1∪· · ·∪Hs is
a suit for G as well.
Similar constructions have been widely exploited in [14, Proposition 2.6, Section 10].
3. Kisielewicz [12] is concerned with the problem of finding unit cube partitions [0,1)d ⊕ T of Td
m
,
where m = (2, . . . , 2), for which the parameters pi (T ) are equal and as large as possible. The simplest
version of Theorem 6 is alreadymentioned there [12, Theorem 4.2, pp. 95, 104], and attributed to the
present author.
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